There are many interesting developments in the quantitative comparison of trees produced either by different methods, or from different data sets. Jensen (1983) gave a very informative account of the discussion at the Sixteenth International Numerical Taxonomy Conference. Some of the participants pointed out tb,at the tree-comparison method that we used (Penny et al., 1982) can give~a large difference value for trees that are identical except in the position of one .,taxon (for example, Fig. la, b) . This is because the approach we used, the "partition" method of Robinson and Foulds (1979, 1981) , requires subsets to be identical before it counts two edges as equivalent.
Tree comparison met-rics should be chosen for their ability. to help test a scientific question. The question that concerned us (Penny et al., 1982) was whether minimal trees from different sets of data were more similar than expected by chance. In this context, it was essential that the tree-comparison metric have a calculable probability distribution. For example, we are able to calculate that with 11 t~xa, there is only one chance in 4.0 x 10 5 that two binary trees, selected at random from the set of all binary trees, will differ by a value of 6 on the partition metric.-Although this was the main reason for choosing the par~ition metric, it is readily adapted to other interestiI1g questions. We will describe how the metric is calculated efficiently, and then illustrate some of the other applications. c.
Note that we only consider trees whose pendant points are labelled with the names of taxa. Penny et al. (1982; "PFH") as undirected trees. Tree 2a = PFH4, 2b = PFH5, 2c = PFH7, 2d = PFH8, and 2e = PFH37. The taxa are numbered 1-11 as indicated. In addition for calculating differences, they are also numbered in binary, with monkey = 1, sheep = 2, horse = 4, kanga = 8, ... , ape = 1024. not be included because the partitions isolating single taxa are common to all trees. For tree 2b the relevant array is (48, 72, 514, 642, 646, 718, 766, 767) . Trees are compared by counting the number of times a value occurs on one, but not both trees.
FIG. 2. Five trees redrawn from
Before commenting on the efficiency of calculation, it will be helpful to show how this method differs from the original crossover method of Robinson (1971) . Robinson described two types of "operations" for interconverting binary trees: (a) pruning and grafting; and (b) crossovers. These are outlined in Figure 3 . In both cases the metric is the minimum number of operations to convert one tree into another. Crossovers, nearest-neighbor interchanges (nni) , and the contraction-de-
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THE PARTITION METRIC
As an example, removing edge a on Figure 2a partitions the taxa into subsets {cow, pig,sheep,horse} and {human,ape,monkey,mouse,rabbit,dog,kanga}. In this case each of the trees 2b-2e has an equivalent edge a which partitions the taxa into the same two subsets. With the edge b in tree 2a, there is no equivalent link on tree 2b, and this counts as a difference between the two trees. The difference between two trees is defined as the number of edges (links) for which there is no equivalent edge on the other tree.
The partition metric is simple to calculate if each taxon is identified by a binary number (1,2,4,8, ...) as is shown in Figure  2 . With {cow,pig,sheep,horse} the binary numbers are 512,128,2, and 4 and the sum of these numbers, 646, uniquely defines this subset. The complementary subset {human,ape, ...} is defined by the number 1401; either number (646 or 1401) can be used, but in practice we always use the smaller. These values are calculated for each internal edge of the trees, and the tree Figure 2a is represented by the array (72,514,642,646,718,734;766,767) , either ordered or unordered. Pendant edges need
:>-+-<: (Robinson, 1971) . The operations delete and insert taxa; the metric is the minimal number of operations for the interconversion.
Method 2. Partition Method (Robinson and Foulds, 1979, 1981) . The operations are removing an edge (and joining adjacent vertices), and inserting an edge into a vertex of degree four or greater (contraction and decontraction of Bourque, 1978) . Contractions and decontractions may be done in any feasible order and is formally equivalent to the partition metric (Robinson and Foulds, 1981) . Method 3. Crossovers (Robinson, 1971) or nearest-neighbor interchanges (nni, Waterman and Smith, 1978) . In this method contractions and decontractions must follow in strict sequence.
contractions of Bourque (1978) are equivalent (Robinson and Foulds, 1981) . The crossover metric was described for the comparison of binary trees and there is no apparent simple generalization to trees that differ i~their number of edges. Further, no efficient algorithm is known by which the crossover (nni) metric can be calculated (Smith and Waterman, 1980; Jarvis et al., 1983) . It is suggested (Day, 1983a) that this computation is an NPcomplete problem and consequently it is unlikely that an .efficient method is possible. Robinson and Foulds (1979, 1981) introduced a generalization of the original crossover method by allowing a sequence of contractions, followed by a sequence of decontractions. The measure of similarity is again taken as the minimum number of operations to convert one tree into the other. They showed that this gives a metric which in fact is equivalent to the partition metric described above. The calculation of this metric, comparing two trees of n taxa, can always be computed by the above algorithm of Order n 2 log n if the trees are stored as an ordered array. However, when fewer than 30 taxa are in the tree (such as is always the case with trees proven to be minimal) the algorithm will work in n log n time. Day (1985) has reported an algorithm of Order n for the calculation of this metric (for an introduction to the Order [0] of a calculation, see Sedgewick, 1983) .
The partition method is suitable for both directed (rooted) and undirected trees, as well as for binary and nonbinary trees. The probability distribution isw.known for up to 16 taxa with binary trees and up to 12 taxa on nonbinary trees (Hendy et al., 1984) . The distribution is known for the crossover (nni) method for up to eight taxa on binary trees (Jarvis et al., 1983) . A weighted version of the partition method can be used by counting the lengths of the edges that are different, either directly (Robinson and Foulds, 1979) or with normalized lengths.
DO TREES DIFFER ONLY IN THE POSITION OF ONE TAXON?
We have seen above that the different positioning of a single taxon on two otherwise identical trees can lead to a large difference value. If the variability in the position of a single taxon is a major contributor to the difference value, then we can detect this by omitting each taxon in turn, and recomparing the reduced trees. Comparing trees 2a-2e with the partition metric gives the difference values shown in Table 1 . Obviously, tree 2e is the most distinct by this metric. We consider (without loss of generality) the pairs of trees 2a and 2e, 2b and 2c, 2d and 2e and for each pair we recompare the reduced trees after taxa 1, 2, 3, ... , 11, respectively, are removed. These values are given in Table 2 . Trees 2d and 2e are identical when taxon 7 (dog) is removed. We represent the difference between these trees by (8,0). This indicates that trees 2d and 2e have eight different edges, but that the reduced trees are identical when one taxon is removed. There is a similar gain when recomparing trees 2a and 2e, indicated by (10,2). With trees 2b and 2c, there is no improvement when any single taxon is removed, indi- cated by (2,2), the significance of this is considered below. This variation of the method can be described in terms of the number of operations of pruning (deleting) and grafting (adding) taxa to the tree. We have found it useful to combine this method with the partition metric.
ARE CLASSIFICATIONS SIMILAR APART FROM THE ROOT?
Rooted (or directed) trees are equivalent to classifications where one "taxon" has been designated as the root of the tree. Deleting the root and recomparing the trees gives a measure of the underlying similarity of the classifications. We have found some variability in the results when an outgroup is used to identify the roots of the trees. Therefore, it is important to test whether the difference between classifications is largely due to the position of the root of the tree. This is easily done by omitting the root and recomparing the trees. Again the partition metric is flexible and powerful.
WHICH TAXON IS MOST VARIABLE (OR STABLE) IN A SET OF TREES?
We denote "gain" as the reduction in the difference when two trees are recompared after any taxon is removed. Trees 2d and 2e have a difference value of eight which is reduced to zero when dog is removed, giving a gain of eight. There is no gain when, for example, either sheep or horse is removed. For a particular tree T, the question can be asked, "Which taxon in this tree has a position which differs most from its position in the other trees?" To estimate this, we compare T with each other tree, and sum the gains with each taxon removed individually. For tree 2e, we get the following sums of the gains: (taxon 1) 8; (2) 0; (3) 6; (4) 10; (5) 8; (6) 8; (7) 26; (8) 6; (9) 0; (10) 0; (11) O. In this case, the position of dog (taxon 7) in tree 2e differs most from its position in trees 2a-2d. Conversely, the positions of sheep (2), human (9), cow (10), and ape (11) are identical in the other four trees. Further, we can sum the gains for each taxon over comparisons of all pairs of trees. Doing this we obtain the values presented in Table 3 . Dog is still the most variable, the same result as was found when this taxon variability was calculated over all 38 trees in Penny et al. (1982) . Some estimate of the expected variability would be desirable. The maximum gain is taken as the largest value of the gain over all taxa. The expected maximum gain has been simulated rather than calculated directly. Over 1,000,000 pairs of trees were generated randomly, and the maximum gain found for each (results not shown). When the maximum gain was determined for the 38 trees of Penny et al. (1982) , we found that these trees become even more similar than expected by chance. From this we conclude that minimal trees, from the different data sets in that paper, are even more similar than appeared in our previous analysis, but that the position of dog is the least certain.
The position for dog in the trees derived from the hemoglobin sequences lies on the early primate line, while with the other sequences it separates either earlier than the other eutherians, or from the early ungulate line (see tree 15 [ fig. 1 ] in Penny et al., 1982) . This difference could be caused either by: short times between branching; the suppression and later re-expression of a pseudogene (Baba et al., 1981) ; or sequencing errors. We know that there were errors in some of the early sequences, for example, in cytochrome c of -fungi (Lederer and Simon, 1974) and with the corrected sequenc~for a rattlesnake which was presented by Borden et al. (1983) . Our analysis with tree comparisons has identified the dog hemoglobin sequences as ones that should be checked. We would consider it an advantage that a tree-comparison method may help identify data that should be checked. If the sequences are found to be correct, then other explanations are required. (Mouse and rabbit also h~ve high values but, by themselves, these values do not indicate the close relationship between them. This is discussed later.) The method does allow a ranking of the variability of the positions of taxa in the trees. We consider it important that local groupings (Le., parts of trees) be evaluated as well as comparing complete trees. Most methods give only an overall comparison of trees. The partition metric also allows the "partitioning" of the tree differences to individual taxa. We hope that this approach will be of use to practicing taxonomists who will wish to identify the areas that need further work.
RECURSIVELY DELETING TAXA
There is no reason to stop after single taxa have been removed. Pairs, or larger subsets, can be deleted until the reduced trees are identical. One procedure is to remove all possible pairs and test whether any reduced trees are identical. If not, successively larger subsets are removed until identical reduced trees are found. There is only one unrooted binary tree for three taxa, so this procedure must terminate and in the worst case, terminates when three taxa remain. This means that at worst all quadruples of taxa need to be compared. This would be computationally tedious (and costly) but in our experience with biological data, identical trees are usually found early in the search. In this case the average time required is much less than the time for the worst case. Note that this is equivalent to the prune and graft method of Figure 3 .
A simple example occurs when comparing trees 2b and 2c. The trees are identical when the pair rabbit and mouse are removed. This result can be expressed as (2, 2,0) indicating that there were two different edges on the trees, and the removal of no individual taxon reduc~.d the difference between the trees, but that the trees became identical after the removal of a pair of taxa (mouse and rabbit). Figure 1a and Ie shows 'a case where two trees show the maximum possible difference until two taxa (a and 1) are removed; the difference in this case is entirely due to these two taxa.
ARE PAIRS OF TAXA USUALLY CLOSE (OR FAR APART)?
There is another interesting metric that is simple to calculate at the same time as the partition metric. This arises from the question whether pairs of taxa are usually close together in the set of trees or, conversely, are they usually at opposite ends of the trees. For each pair of taxa i and j, the number of times the pair occurs in the same subset is counted. This number is equivalent to the path length (excluding pendant edges) between the two taxa. The value is normalized by dividing by the longest path in the tree. These results are summed for all trees and an average taken. We call these "normalized pair distances" for a pair of taxa (i and j) and, with t trees, it is
k where path kij is the path length (excluding pendant edges) for tree k and max k is the longest path on the tree. Values lie between zero and one. Table 4 gives the values for the 11 taxa and five trees in Figure 2 . A standard deviation could also be calculated. From Table 4, we can identify a number of interesting relationships. Note that the values for {human,ape} and {cow,sheep} are zero, indicating that on each tree these pairs are adjacent to a common internal vertex; they are as close together as possible. Further, the values of one, between the pairings of either ape or human with either cow or sheep, indicate that these two groups of taxa are separated by the maximum distance in all trees. (This maximum will depend on the selection of species. In our data set there are more ungulates than me- tatherians and the value indicates for this set of species how far they are apart.) We noted earlier the high variability of the positions of mouse and rabbit. However, the distance between mouse and rabbit, 0.094, indicates that they are very close together on all five trees of Figure 2 . This is also the case when we analyze all 38 trees from Penny et al. (1982) . Th~se values (not shown) indicate that, although mouse and rabbit have variable positions on these trees, they do tend to "move together" in the sense that they are seldom far apart on the tree. The conclusion is based on cytochrome c, fibrinopeptides A and B, and hemoglobins a and {3. A similar result seems to occur with A-crystallin (De long and Goodman, 1982) , although these authors did not guarantee that the minimal tree had been found. Thus, the analyses described here indicate that one of the strongest conclusions from molecular sequences is that rodents and lagomorphs are closely related. However, it may be premature to decide their precise order of divergence.
One last point on this method is that it is analogous to a similar metric that has been used for trees (Williams and Clifford, 1971) . In the present case, we are measuring the distances between pairs of taxa and Williams and Clifford were comparing pairs of trees.
DISCUSSION
We have concentrated here on metrics that count the operations required to interconvert trees, for some other methods and approaches (see Rohlf [1983] and Day [1983b] ). These other approaches have not yet been used in testing specific hypotheses. There is still much interesting work to be done on tree comparisons and the selection of a metric depending on the questions being asked. We argue that the partition metric should be seriously considered in any application because it: (1) is easy to calculate; (2) can be used for all labelled trees (binary or nonbinary, directed or nondirected); (3) has a known probability distribution; (4) can be used in a weighted form that uses the lengths of edges (Robinson and Foulds, 1979) ; (5) can be' used to calculate strict and majority consensus trees, and for some biological data it is easy to calculate a general consensus tree (Penny et al., 1982) ; (6) can be applied recursively to identify differences between trees; (7) is readily applied to the common subtree when trees have some different taxa; and (8) can be applied to several interesting biological questions such as identifying stable (or variable) taxa, and close (or distant) pairs or triples of taxa. The method is more general than the original crossover (nni) method. The partition metric and its extensions are included as one of the 30 main options of our interactive computer package.
One unusual feature is the highly asymmetric probability distribution (Hendy et al., 1984) . With the mammalian sequences this was an advantage because the results were clear-cut. Again in our present work, both on getting more reliable trees, and measuring the reliability of the trees, the asymmetric distribution is also an advantage. This emphasizes that the criterion for selection of tree comparison metrics must be the ability to solve biologically important problems. However, with higher plants (Martin, Boulter, and Penny, unpubl. data) we have had some problems with the partition metric, although these have been overcome to some extent by improved tree-building methods that use more information from the data (Penny and Hendy, 1985) , and by using extensions such as comparing pairs of taxa. However, because of this asymmetric distribution, the partition method would not be suitable for trees that were either random or else more different than expected by chance. This should not be a problem with evolutionary trees.
Analyses similar to that with pairs has been extended to triples and quadruples of taxa (unpubl. results). Dress (cited in Eigen and Winkler-Oswatitisch, 1981 ) has used a method based on quadruples for the purpose of estimating the "treeness" of the data. We have used this measure of Dress for its original purpose, and in a modified form for comparing trees. We prefer an alternative measure of treeness based on incompatibility analysis (Penny and Hendy, 1985) . Jensen (1983) also referred to a metric suggested by Estabrook that is based on quadruples of taxa.
More studies are needed on tree comparison metrics, their calculation, and their probability distributions. But there are fewer contributions that use these metrics to solve specific biological problems. We hope that the ideas in this note may help others to apply tree comparison metrics to real biological problems.
